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We analyze the prospects for detection of light sub-GeV dark matter produced in experiments
designed to study the properties of neutrinos, such as MiniBooNE, T2K, SHiP, DUNE etc. We
present an improved production model, when dark matter couples to hadronic states via a dark
photon or baryonic vector mediator, incorporating bremsstrahlung of the dark vector. In addition
to elastic scattering, we also study signatures of light dark matter undergoing deep inelastic or quasi-
elastic NCpi0-like scattering in the detector producing neutral pions, which for certain experiments
may provide the best sensitivity.
An extensive appendix provides documentation for a publicly available simulation tool BdNMC that
can be applied to determine the hidden sector dark matter production and scattering rate at a range
of proton fixed target experiments.
1. INTRODUCTION
A variety of gravitational signatures, over a range of distance scales, suggest the presence of dark matter (DM).
Arguably the simplest realization is in terms of one or more species of weakly-interacting massive particles (WIMPs),
and there is currently a broad experimental program aiming to detect dark matter through its non-gravitational
interactions. High luminosity fixed target experiments provide a potentially interesting probe of light sub-GeV WIMP
dark matter, which is less accessible to underground direct detection. The use of proton-beam fixed target neutrino
experiments [1–8] and electron-beam fixed target experiments [9–12] has been highlighted as a way to efficiently probe
the parameter space of light dark matter [13]. A dedicated beam-dump run was carried out by the MiniBooNE
experiment in 2014, based on the proposal [14], and the final results are anticipated soon. (See also [15–40] for studies
of related hidden sectors.) Models of sub-GeV WIMP dark matter generally require light force mediators to ensure
efficient annihilation channels that avoid overproduction in the early universe [41], and these new ‘dark’ forces provide
the primary production mode in fixed target experiments.
In this paper, we will extend these earlier analyses in two ways. First, we present an improved model for the
production of light dark matter in fixed target neutrino experiments such as MiniBooNE and T2K, and potential
future experiments such as SBND, SHiP, DUNE and others. We incorporate bremsstrahlung of the light mediator
from nucleons, which provides an important production channel when dark matter is too heavy to be produced
through the decay of light pseudoscalar mesons. Second, we expand on the potential scattering signatures of light
dark matter in the detector, by considering quasi-elastic NC 1pi0-like scattering, which is of interest in neutrino
oscillation experiments as one of the main backgrounds for νe appearance, and also deep inelastic scattering at higher
energy facilities. We will focus our attention on what is regularly taken as the benchmark model of sub-GeV dark
matter, which incorporates a dark photon mediator, coupled to the Standard Model (SM) via kinetic mixing with
hypercharge (see e.g. [2, 3, 40, 42]). For comparison, we also consider a leptophobic vector mediator, obtained by
gauging the baryon current [43].
The rest of this paper is organized as follows. In Section 2, we briefly summarize the benchmark sub-GeV dark matter
models of interest. In Section 3, we present an updated analysis of various production modes for dark matter in proton
fixed target experiments, including the associated momentum and angular distributions. In Section 4, we analyze
various scattering signatures in the near/far detectors of long-baseline neutrino experiments, including for the first time
quasi-elastic single pion production, which may provide a highly efficient channel with lower neutrino backgrounds.
Section 5 provides a comprehensive summary of yields and estimated sensitivities at a range of experiments. We focus
on MiniBooNE, T2K, and SHiP, as they appear to provide the best prospects for covering large regions of light dark
matter parameter space. We also contrast this reach with other approaches, including underground direct detection
that is now reaching the sub-GeV range with recent nucleon scattering limits from CRESST-II [44] and electron
scattering limits from XENON10 [45, 46]. The results are obtained using a comprehensive and flexible production,
propagation, and scattering Monte Carlo simulation code BdNMC, which has now been made publicly available;1 full
documentation is provided in the Appendix. We finish with some concluding remarks in Section 6.
1 BdNMC software package available at: https://github.com/pgdeniverville/BdNMC/releases
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22. LIGHT DARK MATTER
Light sub-GeV dark matter, if assumed to be a thermal relic, requires annihilation channels through light mediators
to avoid over-production in the early universe. The three renormalizable ‘portal’ couplings for a SM-gauge neutral
field are the natural focal points for model building on effective field theory grounds. To be concrete, we focus on a
simple benchmark model in this paper, utilizing the vector portal with a light dark photon mediator, but there are
other possibilities, and we will also analyze a leptophobic mediator for comparison.
A. Vector portal light dark matter benchmark
A spontaneously broken U(1)′ gauge symmetry in a hidden sector, leading to a massive dark photon Vµ, provides
a minimal light dark matter model with SM interactions obtained via kinetic mixing with the hypercharge gauge
boson (see e.g. [1, 2, 42, 47]). The dark matter candidate χ can then be taken as a scalar or fermionic field charged
under U(1)′,
L = Lχ − 1
4
VµνV
µν +
1
2
m2V VµV
µ − 
2
V µνFµν + qBg
′VµJ
µ
B + · · · (1)
with
Lχ =
{
iχ¯ 6Dχ−mχχ¯χ, (Dirac fermion DM)
|Dµχ|2 −m2χ|χ|2, (Complex scalar DM)
where the U(1)′ covariant derivative takes the form Dµ = ∂µ − iq′g′Vµ, with g′ the U(1)′ gauge coupling (and
throughout we set the charge q′ = 1 for the DM field χ). We have allowed for the possibility that the U(1)′ charge is
identified with baryon number, giving two mediation channels:
1. Vector Portal - the pure vector portal is obtained by setting qB = 0 and q
′ = 1 in the Lagrangian above. The
couplings to the mediator then take the form, L ⊃ V µ(g′Jχµ − eJEMµ ) with JEMµ =
∑
f Qf ψ¯fγµψf summed over
the fermions with electric charge Qf . This mediation channel is entirely UV complete.
2. Baryonic Vector Mediator - the limit of a gauged baryon number current is obtained by setting  = 0, g′ → gB ,
with qB = 1 (which assigns charge 1 to nucleons and 1/3 to quarks) and q
′ = 1 as before. The couplings to
the mediator then take the form L ⊃ V µ(gBJχµ − gBJBµ ) with JBµ = 13
∑
i q¯iγµqi given by a sum over all quark
species. This mediation channel requires an additional UV completion to ensure anomaly cancellation.
For simplicity, we will focus on scalar DM here, as this is less constrained by astrophysical considerations, such as
annihilation-induced distortion of the CMB. However, the fermionic DM model can be modified to avoid these con-
straints by adding dark Higgs couplings that provide a sufficient mass splitting between the pseudo-Dirac components.
(See Refs. [48–50] for a more extensive discussion of the astrophysical constraints on light dark matter.) A number
of terrestrial particle physics constraints on this model will be summarized in more detail in later sections. We will
focus just on the two extreme mediation cases independently below, with either qB = 0 (pure vector portal), or  = 0,
g′ = gB (leptophobic mediator). Note that, generically, even if one sets  = 0 at a high scale, it will be generated
through loops when qB 6= 0, but generally at a subleading level.
The minimal vector portal model provides a natural thermal relic dark matter candidate, and thus the s-channel
annihilation rate in the early universe, 〈σannv〉(χ+ χ† → f + f¯), determines the freeze-out abundance. This imposes
a bound on the parameter space to ensure that the relic abundance is not too large, and a one-dimensional constraint
on the parameters {, α′ ≡ g′2/(4pi),mV ,mχ} when the relic abundance matches the observed DM abundance, given
by 〈σannv〉 ∼ 1 pb. Details of the calculation of the annihilation rate in this model are given in [3]. For the baryonic
mediator, further model building is required for a consistent model of dark matter [43], and so we will instead use
a weak-scale benchmark by equating 4piαB/m
2
V to GF (where αB ≡ g2B/(4pi)) in order to quantify the performance
of different experiments. In practice, this model is useful for distinguishing the leptonic vs hadronic sensitivity of
different detection channels and experiments.
3. PRODUCTION IN PROTON FIXED TARGET EXPERIMENTS
We will account for a number of light dark matter production modes:
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FIG. 1. A plot illustrating the distinct contributions to DM production (coupled through the vector portal), as discussed in
the text, using the 9 GeV proton beam at MiniBooNE as an example. The rate of elastic scattering events on nucleons is
plotted versus the vector mediator mass. From smaller to larger values of mV , the dominant channels are pi
0 decays, η decay,
bremsstrahlung, which becomes resonant near the ρ/ω mass region, and finally direct parton-level production. The plot uses
mχ = 0.01 GeV,  = 10
−3 and α′ = 0.1.
• pi0/η decay in flight - relevant for low mV .
• Bremsstrahlung, with resonant vector meson mixing - relevant for intermediate mV
• Direct production from quark and gluon constituents - relevant for higher mV > 1 GeV.
We summarize these channels below, while Fig. 1 shows the relative contributions at MiniBooNE.
A. pi0/η decay in flight
Radiative ϕ = pi0, η decay provides the dominant production channel for sufficiently light DM and mediators,
pi0/η −→ γ + V (∗) −→ γ + χ† + χ. (2)
If kinematically allowed, on-shell V -production is dominant, but we also include off-shell V ∗ → χ†χ decays,
Γϕ→γχ†χ =
1
4pimϕ
∫
dΠϕ→γV dΠV→χ†χdq
2|M|2. (3)
Here dΠ is the 2-body phase space, and [4]
|M|2 = c
ϕ
V,Bk
(1)
V,Bαf(q
2, p · k1, p · k2)
pif2ϕ[(q
2 −m2V )2 +m2V Γ2V ]
, (4)
where f=(q2−4m2χ)(m2ϕ−q2)2−4q2(p · k1−p · k1)2, cϕV = cpiB = 1, cηB = 0.61 (with qB = 1), and for later convenience
we have defined the coupling combination,
k
(n)
V,B =
{
2α(α′)n forU(1)′
αn+1B forU(1)B
. (5)
In these expressions p is the photon momentum, q the momentum of V , and k1,2 the momenta of the dark sector
particles in the final state, so that q = k1 +k2. It should be noted that, in this approximation, the mesons are treated
as elementary but a form factor could be incorporated to account for the virtuality dependence.
The production distributions vary depending on beam energy, and we make use of the Sanford-Wang distribution for
the 9 GeV beam at MiniBooNE [51] (more precisely the average of the pi+ and pi− distributions), and the distribution
determined in [52] (denoted BMPT) for experiments with higher beam energies (see Fig. 2). We use similar angular
distributions for pi0 and η, but account for the lower production rate, Npi0 ≈ 30Nη [53] for the beam energies considered
here.
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FIG. 2. Plots showing two-dimensional momentum-angle distributions for pi0/η production at the MiniBooNE beam energy of
9 GeV (left, Sanford-Wang), and at the SPS energy of 400 GeV (right, BMPT). The colour bars indicate the relative scale.
B. Bremsstrahlung and resonant vector meson mixing
For higher mass mediators and dark matter, additional production channels become important. Particularly for
on-axis detectors, the forward-peaked emission of V particles through proton bremsstrahlung,
p+N → p+N + V,
with N = p or n, could provide a significant dark matter source with very little angular spread. The treatment
here follows and elaborates upon previous work on vector boson production via proton bremsstrahlung [54, 55]. In
particular, we account for the timelike form-factor which naturally incorporates off-shell mixing with vector mesons
such as ρ and ω. This contribution was added by hand in the on-shell limit in our earlier analysis [43]. The approach
[54] rests upon the assumption of p−N scattering being dominated by exchange in the 1−− channel, which is consistent
with pomeron exchange, but with validity limited only to high energies.
We define the four-vectors for the incident proton and emitted V as p = (Ep, 0, 0, P ) with Ep = P +m
2
p/(2P ), and
pV = (EV , p⊥ cos(φ), p⊥ sin(φ), zP ) with EV = zP + (p2⊥ + m
2
V )/(2Pz), where p is the momentum of the incident
proton, pV is the momentum of the outgoing V boson, z is the fraction of the beam momentum carried by the outgoing
V and p⊥ is the V momentum perpendicular to the beam momentum. The differential V production rate can be
written as
d2NV
dzdp2⊥
=
σpA(s
′)
σpA(s)
F 21,N (q
2)wba(z, p
2
⊥), (6)
where s′ = 2mp(Ep − EV ), s = 2mpEp and the photon splitting function is [54]
wba(z, p
2
⊥) =
k
(0)
V,B
2piH
[
1 + (1− z)2
z
− 2z(1− z)
(
2m2p +m
2
V
H
− z2 2m
4
p
H2
)
+ 2z(1− z)(z + (1− z)2)m
2
pm
2
V
H2
+ 2z(1− z)2m
4
V
H2
]
,
with H = p2⊥ + (1− z)m2V + z2m2p, and k(n)V,B was defined above in (5).
The radiated V has timelike momenta, and the timelike form factor F1,N (q
2) will necessarily incorporate mixing with
vector mesons in the appropriate kinematic region. Utilizing just the leading charge form factor, only F1,p contributes
for the vector portal, while both F1,p and F1,n contribute for the baryonic channel. Existing fits in the low invariant
mass regime are limited, and we make use of the form-factor given by [56] which does not fully resolve the ρ and ω
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FIG. 3. The timelike form factor F1,p(q
2) from [56]. The resonant enhancement around the ρ/ω region is not fully resolved in
the fit.
contributions. For the vector portal, the form factor F1,p(q
2) incorporates both isovector (ρ-like) and isoscalar (ω-like)
Breit-Wigner components, directly following [56]. For the baryonic portal, we retain only the isoscalar components,
as described in [12] in the spacelike regime. The fit to data is good on the side-bands of the resonance peak, but
appears to be dominated primarily by ω very close to the peak of the resonance region, which is somewhat unphysical
for the vector portal (although it works well for the baryonic mediator where only ω contributes). Comparing to the
production rate from on-shell vector meson decay considered previously, we observe a slight under-estimate of the rate
away from the resonance peak, and likely an overestimate in a very small band around the peak of the form-factor (see
Fig. 3). The form factor suppresses the rate for virtualities much above 1 GeV, where the internal nucleon structure
is probed, and direct parton-level production takes over for higher mass vectors.
Note that several kinematic conditions must hold to make use of this calculation, summarized in [54] as
Ep, EV , Ep − EV  mp,mV , |p⊥|. (7)
In order to calculate the total V production rate, and therefore the dark matter signal χ, (6) must be integrated over
z and p⊥ with ranges chosen such that (7) are satisfied. These conditions are easily satisfied by z ∈ [0.1, 0.9] and
|p⊥| < 1 GeV for high energy experiments such as SHiP, but less so at lower beam energies. For MiniBooNE, the
energy of the incident and outgoing proton, as well as the energy of the emitted V , EV , must be significantly larger
than 1 GeV. We have chosen a range z ∈ [0.3, 0.7] for MiniBooNE and |p⊥| < 0.2 GeV, which should allow some
margin for error. A more complete calculation for MiniBooNE could be based on the meson-nucleon exchange model
[57].
C. Direct production
Direct production corresponds to parton-level processes such as
p+N → V ∗ → χ†χ (8)
and following [3] we use the narrow width approximation, so that
σ(pN → V ∗ → χ†χ) = σ(pN → V )Br(V → χ†χ). (9)
In this expression
σ (pN → V ) =
∫ 1
τ
dx
dσ (pN → V )
dx
=
4pi2
m2V
∑
q
Q2qk
(0)
(V,B)
∫ 1
τ
dx
x
τ
[
fq/p (x) fq¯/p(n)
(τ
x
)
+ fq¯/p (x) fq/p(n)
(τ
x
)]
, (10)
where k
(n)
V,B was defined above in (5), Qq is the quark electric charge (or 1/3 in the baryonic case), τ = m
2
V /s, and√
s is the hadron-level center-of-mass energy. To obtain estimates, we use CTEQ6.6 PDFs [58] and set Q = mV ;
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FIG. 4. Scattering channels analyzed: from left to right, elastic scattering on electrons or nucleons, quasielastic (incoherent)
single pion production, and deep inelastic scattering.
varying Q in between mV /2 and 2mV resulted in an uncertainty in the production cross section of less than ∼ 30%
for mV > 1 GeV at T2K and SHiP beam energies. However, higher-order QCD corrections are larger for the lowest
mass considered for direct production, MV ∼ 1 GeV, introducing an error that can potentially be O(1).
The production cross section as a function of the DM lab frame energy, Eχ, and the angle between its lab frame
momentum and the beam direction, θ, can be related to the differential cross section in Eq. (10) through
dσ (pN → V → χ¯χ)
dEχd cos θ
=
[
∂(x, cos θˆ)
∂(Eχ, cos θ)
]
dσ (pN → V )
dx
Br (V → χ¯χ) g
(
cos θˆ
)
, (11)
where θˆ is the angle between the momentum of χ and the beam in the V rest frame and the quantity in square
brackets is the Jacobian associated with this variable change. The function g describes the angular distribution of
the DM in the V rest frame. For scalar DM produced through a vector mediator, this is g
(
cos θˆ
)
= 34
(
1− cos2 θˆ
)
.
4. ELASTIC AND NCpi0-LIKE SCATTERING
We will analyze a number of scattering signatures, listed below, including for the first time the inelastic NCpi0-like
scattering of light dark matter off nucleons:
• Electron scattering
• Elastic NC-like scattering off nucleons
• Inelastic NC1pi0-like scattering
• Deep inelastic scattering off nucleons
We summarize the scattering cross-sections for all these signatures below.
A. Elastic electron scattering
For elastic scattering off electrons, which is relevant only for the vector portal with  6= 0, the cross section has the
form [2]
dσχe
dEe
= 4pik
(1)
V
2meE
2
χ−(2meEχ +m2χ)(E−me)
(E2 −m2χ)(m2V + 2meEe − 2m2e)2
, (12)
where Ee is the energy of the recoiling electron, and Eχ is the energy of the incoming DM particle.
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FIG. 5. The differential χN → χ∆ per nucleon scattering cross section of (17) with mV = 500 MeV,  = 10−3, α′ = 0.1 and
Eχ = 1 GeV for three dark matter masses. Note that the ∆ cannot be produced at rest due to momentum conservation.
B. Elastic NC-like nucleon scattering
For incoherent scattering off nucleons, the leading contribution to the cross section has the form,
dσχN
dEχ
= 4pik
(1)
V,BQ
2
NGD(Q
2)
2mNEEχ−m2χ(E−Eχ)
(E2 −m2χ)(m2V +Q2)2
+ · · · (13)
where again QN is the nucleon electric charge (or unity in the baryonic case), Eχ the energy of the recoiling DM
particle, Q2 = 2mN (E − Eχ) is the momentum transfer, and GD(Q2) is the Sachs form-factor, GD(Q2) = 1/(1 +
Q2/M2)2 with M = 0.843 GeV. Further dipole form factor terms, which are generally subleading (for protons), are
suppressed to simplify the presentation, although they are included in the final results (see [2, 43] for full details).
The resulting nuclear scattering cross section will be discussed later in Section 5.
C. Inelastic NCpi0-like nucleon scattering
Of primary interest here is the possibility of inelastic scattering where there is sufficient momentum transfer to pro-
duce a neutral pion which subsequently decays producing a two-photon signature. This is one of the main backgrounds
for νµ → νe appearance, and thus of interest for all long baseline experiments. We will focus on what is referred to as
‘incoherent’ NCpi0, in which the pion emerges via the production of a ∆(1232) resonance in the scattering process,
χ+N → χ+ ∆(→ N + pi0), (14)
with the subsequent decay ∆→ Npi0 having an O(1) branching ratio [59]. As for neutrino scattering, there is also the
possibility for ‘coherent’ single pion production where a sufficiently low momentum (off-shell) V interacts coherently
with the nucleus, but this is expected to be subleading at MiniBooNE energies [60]. It would be interesting to analyze
this channel further in the future.
Since ∆ is a spin-3/2 particle, the corresponding Rarita-Schwinger field takes the product form ψµ3/2(p, s) =
ψ1/2(p, s)
µ(p). The general ∆ − γ − N vertex can be written as a combination of magnetic dipole, electric dipole
and quadrupole terms [61]. It can be shown that for transitions between an S-wave nucleon and ∆, the latter two are
suppressed [62]. The vertex Γβµ then takes the form,
Γβµ(P, q) = − 3(m∆ +mN )
2mN ((M +m)2 − q2)βµστPσqτ × e
√
2
3
G∗M (q
2) + · · · (15)
where q = pN − p∆ is the momentum transfer, P = pN+p∆2 , and the factor of e
√
2
3 reflects the normalization
conventions [63]. G∗M is the magnetic dipole form factor of the nucleon N , for which we adopt a spectator quark
model [62, 64, 65]. Including higher orbitals in the calculation allows for further multipole contributions, but these
are expected to add corrections of only a few percent.
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FIG. 6. A comparison of the integrated per nucleon cross section for neutral-current elastic nucleon scattering and inelastic ∆
production with mχ = 0.01 GeV, mV = 0.1 GeV,  = 10
−3 and α′ = 0.1.
For completeness, we note that the squared amplitude takes the form
1
2
∑
|M|2 = − (4pi)
2k
(1)
V,B(p+ p
′)µ(p+ p′)ν
2 (m2V − q2)2
Tr
[
P ρσ∆ (p)Γ
ρµ(P, q)(/pN +mN )Γ
σν(P, q)
]
, (16)
where s, t, and u are the standard Mandelstam variables, and Pµν∆ (p) =
∑
s u
µ(p, s)u¯ν(p, s) is the spin-3/2 sum for
positive parity states [66]. The final differential cross section in the lab frame is
dσ
dER
(χ+N → χ+ ∆) = − 1
8pi
mN
∑ |M|2
λ(s,m2χ,m
2
N )
, (17)
where ER is the energy of the recoiling ∆, and λ(m1,m2,m3) = m
2
1 +m
2
2 +m
2
3 − 2m1m2 − 2m2m3 − 2m1m3.
This process produces a ∆+ (∆0) for proton (neutron) scattering. The produced ∆’s decay to piN nearly 100% of
the time, but we must refer to the isospin of the ∆+, ∆0 and that of their possible decay products to calculate the pi0
production rate [67]. Conveniently, both the ∆+ and ∆0 decay to a pi0 with a branching ratio of 23 . When plotting
the scattering rates for χN → χ∆ resulting in inelastic pion production (see Figs. 5,6), this branching fraction is
included.
D. Deep inelastic scattering
At sufficiently high momentum, the majority of DM scattering in the detector becomes deeply inelastic, with a
cross section on nucleons of the form
dσ
dxdQ2
(χ+N → χ+X) =
∑
q,q¯
(
dσˆ
dxdQ2
(χ+ q/q¯ → χ+X)
)
qq/q¯fq/q¯(x) (18)
where as usual x = Q2/(2mN (E −E′)), in terms of the incoming (E) and outgoing (E′) dark matter energy and the
mediator momentum squared q2 = −Q2.
We study deep inelastic DM scattering on nucleons in the two scenarios mentioned in Section 2 with scalar DM. (See
also [6, 8].) The parton-level production cross sections are obtained using the matrix element generator CalcHEP [68]
with CTEQ6L parton distribution functions f(x) [69]. We also impose the restriction that Q2 > 2 GeV2. For much
of the later analysis, we will fix the mass of DM to MA′/3. However, in general as long as MA′ > 2mχ the qualitative
scattering rates do not change much.
95. SIGNATURES AT MINIBOONE, T2K AND SHIP
Having analyzed the production channels for light dark matter in a proton fixed target experiment, and the scattering
channels of interest at detectors downstream from the target, in this section we determine the signal rate at specific
experimental neutrino facilities. We begin by outlining the simulation used to determine the signal rate (further
details are contained in the Appendix), summarize existing constraints on the models, and then turn to the results
for MiniBooNE, T2K and SHiP.
A. Simulation
The total number of signal events can be written generically in the form
NAχ→A(∗)χ = nAeff
∑
prod.
chans.
(
Nχ
2Ntrials
∑
i
LiσAχ,i
)
.
In this expression, nA denotes the number density of target atoms in the detector, eff is the corresponding detection
efficiency, and the outer sum refers to the relevant production channels. The total number of dark matter particles Nχ
is determined according to the relevant production channel, while Ntrials refers to the number of trajectories generated
by the production Monte Carlo. The inner sum is over all dark matter 4-momenta pi generated by the production
Monte Carlo, and Li is the length of the intersection between the dark matter trajectory (with momentum pi) and
the detector. Finally, the scattering cross section was computed in the form
σAχ(E) =
∫ Emaxχ
Eminχ
dEχ
∑
α=p,n,e
fα
dσχ,α
dEχ
, (19)
where E is the incoming kinetic energy, and E
max/min
χ are determined by the experimental cuts on the nucleon/electron
recoil momentum q =
√
2M(E − Eχ), while the sum is over the relevant scattering channels. For elastic or quasi-
elastic nucleon scattering, we take fp,n = Z,A − Z for the vector portal and fp,n = A for the baryonic portal, since
scattering is incoherent for the momentum transfers q2 > (50 MeV)2 of interest, and nuclear binding effects (e.g.
Pauli blocking) are subleading for the cuts on recoil energy (and thus momentum transfer) that are relevant for the
experiments studied here. For electron scattering, we necessarily take fe = Z.
The results presented below were computed using the Monte Carlo simulation tool BdNMC, developed by one of the
authors (P.dN.). It is now publicly available, and full documentation is provided in the Appendix.
B. Constraints
The benchmark models and parameter regimes are constructed so that they ameliorate a number of potential
astrophysical constraints, e.g. light scalar dark matter annihilation has a p-wave suppression at low velocities that
limits sensitivity from CMB distortion or galactic limits. However, there are a number of terrestrial constraints,
which are continually being improved. The sensitivity plots below exhibit a number of existing constraints, that are
summarized briefly below (see e.g. [3, 12] and references below for further details):
• E137 - a 20 GeV electron beam dump experiment carried out at SLAC [70, 71], which was sensitive to light DM
scattering.
• LSND - an 800 MeV neutrino experiment, with a ν − e scattering analysis that was recast as a constraint on
light dark matter [2, 4, 72].
• BaBar - a mono-photon search provides stringent constants on higher mass invisibly-decaying dark vectors [73].
• K+ → pi+νν¯ - the result of E949 at Brookhaven can be recast as a constraint on K+ → pi+V [12, 74, 75].
• J/Ψ →invisible - a constraint is provided by the limit Br(J/Ψ →invisible)< 7 × 10−4 placed by the BES
collaboration [76].
• pi0 → γ+invisible - a limit Br(pi0 → γV ) < 5× 10−4 from the Brookhaven alternating gradient synchrotron [77].
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Name Energy POT Detector Mass Material Distance Angle Efficiency
MiniBooNE-Beam Dump 8 GeV 2× 1020 400 tons CH2 490 m 0 0.35
T2K-ND280 (P0D) 30 GeV 5× 1021 6 tons H2O,Plastic 280 m 2.5o 0.35
T2K-Super-K 30 GeV 5× 1021 50 kilotons H2O 295 km 2.5o 0.66
SHiP 400 GeV 2× 1020 10 tons LAr 100 m 0 0.5
TABLE I. A summary of the relevant characteristics of the experiments considered. The listed detector mass is the fiducial
mass, when available. Note that SHiP is still in the proposal and planning stage, and the design has not been finalized, so the
detector material and mass have been chosen for illustration (the final fiducial mass may be larger).
• ∆mZ and EW fit - a limit due to the induced shift in the Z mass and electroweak precision fits [78].
• CDF constraints on Monojets - limits from searches for pp→ jet+missing energy [79, 80].
• Lepton g−2 - the blue band is where agreement with muon g−2 is improved to within 3σ. All parameter space
is excluded which increases the disagreement of either muon or electron g − 2 to more than 5σ [81–83].
• Direct Detection - the strongest current low mass limits are from CRESST-II [44] and CDMS-Lite [84].
• Angular Dependence in Neutron Scattering - a constraint on baryonic vectors αB < 3.4× 10−11
(
mV
MeV
)4
[85, 86].
C. Sensitivity
There are a number of different short- and long-baseline neutrino facilities either in, or recently in, operation around
the world (MiniBooNE, MicroBooNE, T2K, MINOS, NOvA, OPERA,. . . ). There are also several future facilities that
may have interesting sensitivity to this class of light dark matter models (DUNE, SBN, SHiP,. . . ). The sensitivity
depends on a combination of the effective yield, e.g. through having a sufficiently energetic beam, and a sizable
angular acceptance for the detector, along with a viable means of detecting scattering and mitigating the neutrino
backgrounds. Based on these criteria, we have focussed our analysis on MiniBooNE, T2K and SHiP, which currently
appear to provide the best (potential) sensitivity in different ranges for the mediator mass. The relevant parameters
for these experiments, beam energy, number of protons on target, detector geometry and material, etc, are listed
in Table I. It is worth noting that future facilities, such as DUNE, or T2HK with νPRISM, could provide excellent
sensitivity if additional near detectors were to be installed.
Our results are exhibited in a number of parameter space plots, which include the existing constraints summarized
above. The majority of these plots for the vector portal model make use of the following slice [40] through the
parameter space: Y vs mχ at fixed mV /mχ = 3, where
Y ≡ 2α′
(
mχ
mV
)4
, (20)
which captures the essential parameter scaling of the annihilation and scattering cross sections, and assists the
comparison with direct detection sensitivity (see [40]). By convention the plots use the choice α′ = 0.5, which is
relatively large from a model-building perspective. However, it is used simply to provide a conservative view of the
full parameter reach of each experiment, in comparison to the relic density curve, which sets the lowest values of Y
for which the model is cosmologically viable. Note that the relic density curve remains fixed in Y , as parameters are
varied, while the other constraints generally scale to lower values of Y with decreasing α′ [40]. (For comparison with
earlier results, Fig. 7 shows the MiniBooNE sensitivity using the alternate parameter slice  vs mV at fixed mχ and
α′.)
The signal yields at MiniBooNE, T2K and SHiP are summarized below and exhibited in Figs. 7–11.
• MiniBooNE - The MiniBooNE collaboration took data during a dedicated beam dump run in 2013/14 [14],
and as detailed below we consider a number of possible scattering signatures for both vector and baryonic portal
interactions. The sensitivity contours are shown in Figs. 7 and 8.
1. Elastic nucleon scattering. We use the following cuts on nucleon recoil energy: ER ∈ [0.35, 1] GeV.
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FIG. 7. Plots showing the MiniBooNE yield of light dark matter scattering events in nucleon and electron elastic scattering
channels as labelled. In this plot and the others to follow, the gray regions are excluded by existing constraints, while the green
contours indicate 1, 10 and 1000 events. The plot on the right also shows a 3 event contour, corresponding to the estimated
sensitivity for electron scattering.
2. Elastic electron scattering. This channel has the advantage that a stringent forward angle cut on the
scattered electron can significantly reduce the neutrino background. We therefore use a cut on the electron
scattering angle of cos θe > 0.99. While no explicit cut on the recoil energy is imposed, few low energy
recoils survive the cut on cos θ.
3. Quasi-elastic single pion production. This inelastic channel has a slightly reduced overall yield, but the
signature is detected with high efficiency, and there is a considerable reduction in the cosmogenic and
neutrino background. It is therefore possible that it will prove to be the most effective search channel for
nucleon scattering at MiniBooNE.
4. Future progress with SBND. In Fig. 9, we also show the projected sensitivity for a future beam dump
proposal,2 SNBD, using the same Booster beam-line at Fermilab, but with a 112 ton LArTPC detector at
110 m.
• T2K - For the T2K experiment, we consider both quasielastic single pion production in the PØD, part of the
ND280 near detector, and elastic scattering of nucleons in the far detector, Super-K, where timing cuts are
highly effective at reducing beam-related backgrounds. The sensitivity contours are shown in Fig. 10.
1. Elastic nucleon scattering at Super-K. The angular acceptance at the far detector, Super-K, is necessarily
suppressed but a compensating enhancement in background reduction is possible through timing cuts. The
time structure of the bunches in each beam spill can be used to cleanly separate beam-related backgrounds.
Recent analyses of neutral current neutrino scattering, via observation of de-excitation γ’s from quasi elastic
scattering on Oxygen [87] provides the benchmark technique that could be used for a dedicated light dark
matter analysis.
2. Quasi-elastic single pion production at ND280(PØD). We also show results for single pion production in
the ND280 near detector (specifically the PØD) that is specifically designed for high efficiency detection of
these signatures. The overall yield is very high, but the neutrino scattering background is also large and
further analysis is required to determine if the final sensitivity may be better than a search using Super-K.
• SHiP - For the proposed SHiP facility at the CERN SPS, we consider elastic scattering off electrons, and also
DIS showering off nucleons in the detector. The experiment is a high energy beam dump, with a relatively large
2 We thank Richard Van de Water for discussions and for providing the SBND parameters.
12
MiniBooNE
LSND
E137
BaBar
K
+→π++invisible
Electron/Muon g-2
J/ψ→invisible
Relic Density
Direct Detection
Excluded
>1 Event
>10 Events
>103 Events
10-2 10-1 1
10-13
10-12
10-11
10-10
10-9
10-8
10-7
10-6
mχ(GeV)
Y
=
ϵ2
α'
(m
χ/
m
V
)4
Nχ→Nχ mV=3mχ α'=0.5 POT=2x1020
MiniBooNE
LSND
E137
BaBar
K
+→π++invisible
Electron/Muon g-2
J/ψ→invisible
Relic Density
Direct Detection
Excluded
>1 Event
>10 Events
>103 Events
10-2 10-1 1
10-13
10-12
10-11
10-10
10-9
10-8
10-7
10-6
mχ(GeV)
Y
=
ϵ2
α'
(m
χ/
m
V
)4
Nχ→Nχπ0 mV=3mχ α'=0.5 POT=2x1020
MiniBooNE
LSND
E137
BaBar
K
+→π++invisible
Electron/Muon g-2
J/ψ→invisible
Relic Density
Direct Detection
Excluded
>1 Event
>10 Events
>103 Events
10-2 10-1 1
10-13
10-12
10-11
10-10
10-9
10-8
10-7
10-6
mχ(GeV)
Y
=
ϵ2
α'
(m
χ/
m
V
)4
eχ→eχ mV=3mχ α'=0.5 POT=2x1020
Super-K
K+→π++invisible
π0→γ+invisible
Monojet (CDF)
Neutron Scattering
J/ψ→invisible
GF=
4παB
mV
2
Excluded
>1 Event
>10 Events
>103 Events
10-2 10-1 1
10-9
10-8
10-7
10-6
10-5
10-4
10-3
mχ(GeV)
α B
Nχ→Nχ mV=3mχ ϵ=0 POT=2x1020
FIG. 8. Further plots showing the MiniBooNE yield of light dark matter scattering events in various channels, now fixing
mV = 3mχ with α
′ = 0.5, and using the variable Y for the vertical scale (see Eq. (20)). The strongest low-mass direct
detection constraint is from CRESST-II [44], shown as the red contour. In these plots and below the black dotted line shows
the parameters required to achieve the dark matter relic density, so smaller values of Y are excluded due to over-production of
dark matter. Note that the lower right plot shows the sensitivity in the case of a baryonic vector mediator.
angular acceptance for the detector of interest here, which is foreseen for detection of τ -neutrino scattering,
placed in front of a larger tracking detector than can detect charged particles.
1. Elastic electron scattering. The high 400 GeV beam energy at the SPS leads to a relatively high average
DM momentum, so that almost all scattering events will induce showering. It has been estimated that
neutrino scattering background level would be ∼300 events for the expected POT.3
2. Deep inelastic scattering. The high beam energy necessarily implies that most hadronic scattering events
3 We thank W. Bonivento for discussions concerning the neutrino background at SHiP.
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FIG. 9. Plots showing the comparative yield of MiniBooNE and the proposed SBND experiment in the nucleon elastic scattering
channel.
in the detector will be deeply inelastic. Thus, for SHiP we only consider DIS scattering in the form
χ+N → χ+X, and present the corresponding yield contours in Fig. 11.
D. Discussion
In all cases the plots exhibited in the previous subsection indicate the event yield, using three contours showing 1,
10 and 1000 events. In this subsection we comment on features of these yield curves, and also the important question
of backgrounds, specifically from neutrino scattering, and various potential mitigation strategies.
• Features of the dark matter yield. It is notable that dark matter electron scattering becomes particularly efficient
at low masses, due to the corresponding kinematics. Nucleon scattering becomes more efficient for higher masses,
and particularly in the neighbourhood of the ρ/ω resonance.
As noted earlier, there is enhanced production in the resonance region, although the timelike form factor used
does not resolve the resonance shape particularly well. It is also worth remarking that the resonance occurs at
different masses in the production and relic density contours. In the plots of Y vs mχ, the production resonance
appears at mχ = mV /3 ∼ mρ/3 via bremsstrahlung, but at mχ ∼ mρ/2 (shifted down slightly by thermal
kinetic energy) in the relic density contour associated with annihilation in the early universe. In practice, the
latter resonance presumably contributes to production as well, but is not captured by the current approximation
which is therefore still somewhat conservative. It is worth noting that modelling of production remains the major
source of uncertainty in estimating the event rate. While data-driven checks provide confidence in the rates
associated with pseudoscalar meson decay at the 30-40% level, the rates at higher vector masses are less certain.
For comparison the plots also show the recently obtained direct-detection limits from CRESST-II [44], which is
the first direct nucleon scattering exclusion contour to push down to masses below 1 GeV. It is important to
emphasize that the contour is shown for illustration, but the comparison is not precise, because for all parameter
points above the relic density contour, the model under-produces dark matter.
• Mitigation of the neutrino scattering background. The attempt to use proton fixed target facilities, dedicated to
studying neutrino physics, necessarily requires dealing with beam-related backgrounds from neutrino scattering.
The signatures we have discussed mimic those of neutrinos, for which the detectors are well-suited. However,
with elastic scattering event rates of O(105), the current precision in neutrino scattering cross sections is not
sufficient to pursue simple counting experiments, Fortunately, these backgrounds can be mitigated in various
ways, that were discussed in detail in the MiniBooNE proposal [14]. These include use of timing cuts, for
heavier dark matter candidates, use of distinct scattering kinematics, or removal of the meson decay volume by
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FIG. 10. Plots showing the T2K yield (ND280 on the left, Super-K on the right and below) of light dark matter scattering
events in various channels.
running the experiment as a beam dump. The latter approach is particularly effective in reducing the number
of neutrinos produced, which arise primarily from charged pion and kaon decays in the decay volume. This is
the approach used by MiniBooNE in its recent beam dump run. It of course has the potential disadvantage
that it cannot be carried out simultaneously with neutrino physics analyses (unless multiple detectors are used,
on- or off-axis). Timing cuts, combined with knowledge of the fine structure of the pulsed beam, can be used
to reduce the background significantly. A clear example would be the use of the Super-K far detector at T2K,
where timing cuts could cleanly isolate dark matter scattering events from neutrinos. Scattering kinematics can
also be particularly useful, and can be controlled by taking the detector off axis (see e.g. [8]). Perhaps the most
efficient use is for electron scattering, where a stringent forward angle cut significantly reduces the neutrino
background.
While these strategies will clearly be important for providing competitive sensitivity, assessing the precise level
will require further work for most of the facilities investigated in this paper. However, the estimates obtained
in [14] for a run of 2× 1020 POT at MiniBooNE, in beam dump mode, provide some benchmarks. For nucleon
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FIG. 11. Plots showing the SHiP yield of light dark matter scattering events in various channels.
elastic scattering, this is likely at the O(100) event level, and we note that quasielastic NCpi0 scattering may
actually provide better sensitivity, at the O(10) event level. A tight forward angle cut on electron scattering
appears to be highly efficient, and could provide sensitivity at the few event level [14]. For the other experiments,
we note that the reduced event rate at Super-K may be more than compensated for by the efficiency of timing
cuts. The background to DIS at SHiP is expected to be sizeable, but remains to be studied in detail.
6. CONCLUDING REMARKS
Astrophysical and cosmological evidence for dark matter presents a compelling argument for new physics. Thermal
relic particles provide conceptually one of the simplest model classes, and there are significant efforts underway to
search for its direct and indirect signatures. In this paper, we have provided further evidence that proton fixed target
experiments, e.g. those associated with the long-baseline neutrino program, are well suited to testing the sub-GeV
mass range for thermal relic (or WIMP) dark matter. In the remainder of this concluding section, we comment on a
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number of issues impacting searches of this kind.
• Model-independent presentation of search results. The searches discussed in this paper necessarily consider
dark matter models with light mediators, which cannot be studied in a fully model-independent manner. We
have considered broad mediation classes, that are the least constrained by other data, as providing useful
benchmarks. In practice, the experimental scattering signatures are chosen to mimic those of neutrinos, which
provides a significant background. It follows that, in the most general terms, the signature is anomalous neutral
current-like scattering, or alternatively the observation of an anomalous ratio of neutral to charged current
scattering of neutrinos in the detector.4 This is a quantity that can be determined with higher precision that
the actual event rate estimates for specific dark matter models, and thus will be an important output from any
experimental search. Limits presented in this form can then be applied to constrain specific light DM models.
• Alternate detection strategies. We have focussed on proton fixed target facilities as a means of probing thermal
relic dark matter candidates in the MeV-GeV mass range. Other potential strategies include the use of electron
beam facilities, e.g. at JLab [88], which have a lower neutrino background, and also direct detection searches
with lower recoil thresholds, e.g. by searching for electron scattering [45, 46] (with potential improvements
shortly from XENON100). In addition, collider searches for missing energy, mass or momentum can also
provide important sensitivity to this regime, and mono-photon searches at Belle II [36] are likely to be highly
effective for the vector portal. We expect that a combination of all approaches will be valuable in exploring this
range of dark matter parameter space. (See [13] for a recent survey of search channels.)
• Sensitivity to other models. Finally, it is important to emphasize that, while we have focussed on elastic and
inelastic scattering signatures, these experiments will also be sensitive to a range of other signatures of light
hidden sectors. For example, “leptophilic” models (e.g. based on gauged lepton flavour Li) are also accessible at
the experiments discussed here. The multitude of pi0’s produced which fragment into the photons, and further
to e+e−, automatically creates a lepton beam being dumped into the target. This allows a probe of light states
coupled to the electrons in an alternative manner to electron beams.
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APPENDIX: BdNMC Simulation Tools
Patrick deNiverville5
Appendix A: Introduction
The BdNMC software was developed to model light dark matter production and downstream scattering at a range of
fixed target experiments, and can be applied flexibly to various proton beam energies, production targets and detector
geometries. It can now be configured for a wide array of different fixed target geometries, and over a dozen production
channels at a variety of energies. In addition, it supports four possible scattering interactions between hidden sector
dark matter and the material in fixed target neutrino detectors. The code may be run in one of two ways:
1. The bin/BdNMC bash script. This will compile the code and execute it using the setup described in the
parameter.dat file located in the main BdNMC directory. Alternatively, the user may supply the filepaths
of one or more parameter files as arguments, and the script will execute them sequentially.
2. Compile the code with make in the build directory, and execute it as ./build/main from the main BdNMC
directory. Optionally, a filepath to a parameter file may be supplied as an argument. If no filepath argument is
supplied, parameter.dat is used by default.
The BdNMC code is freely available on github at https://github.com/pgdeniverville/BdNMC/releases - please
cite as P. deNiverville et al. (this paper).
In this standalone Appendix, we will document the most important features of the BdNMC software and its usage.
We begin with a simple example set-up and and overview of code. A guide to formatting the parameter files used to
customize a run of the code follows in App. B, with documentation of all of the options available. Following this are
further sections detailing the structure of the code and the simulation loop. These are not required reading for use
of the code, but should be of some assistance if you wish to introduce modifications. App. C covers the dark matter
four-vector generation process, App. D briefly looks at the scattering signal calculation, App. E provides a schematic
of the simulation loop and finally App. G documents the formatting of the simulation’s output. Some of the numerical
techniques are documented in App. H, and App. I covers modelling of the detector geometry.
1. An Example Experiment
Fixed target neutrino experiments generate neutrino beams by impacting high intensity proton beams into thick
targets. The interactions of the protons with the nuclear material of the target produce a range of secondary particles,
such as charged pions and kaons, whose decays (facilitated by an extended decay volume) produce a neutrino beam.
The interactions of these neutrinos are detected some distance away through their scattering off nucleons and electrons.
This setup also provides an opportunity to search for light sub-GeV dark matter, produced e.g. through neutral meson
decay, with similar scattering signatures to neutrinos in the detector. We provide a very simple example setup for
one such experiment in Fig. 12 and Table II, and will refer to this setup for examples while introducing the code.
Note that while we call the experiments fixed target neutrino experiments in this section, our discussion could also
be applied to a beam dump experiment such as SHiP.
Parameters of the Example Experiment
Protons on Target 2× 1020 Beam Energy 8.9 GeV
Production Channel pi0 → χχγ pi0’s per POT 0.9
Production Distribution Sanford-Wang Signal Channel Nχ→ Nχ
TABLE II. Alongside Fig. 12, this table provides a minimal set of parameters describing a simple fixed target experiment and
the hidden sector dark matter scenario to be tested.
In Sections 3 and 4, we discussed the channels via which these experiments could both produce and subsequently
detect a beam of dark matter particles. In our example, interactions between the target and the proton beam could
5 The software was developed by building on some initial components designed in collaboration with Brian Batell. His support, along
with members of the MiniBooNE Coolaboration, is gratefully acknowledged.
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Example Model Parameters
 10−3 α′ 0.1
mχ 10 MeV mV 100 MeV
TABLE III. A sample set of model parameters for use with our example experimental setup.
lead to production of pi0’s, whose radiative decays lead to the production of V ’s that rapidly decay to a pair of dark
matter particles. This occurs on a sufficiently short time scale that we can assume that the initial pi0 (and often the
intermediate V ) do not propagate a significant distance before decaying, and the chain of decays occurs within the
target. The dark matter particles then propagate along straight-line trajectories, a small subset of which will intersect
with, and scatter within, the neutrino detector producing a detectable signal.
The primary goal of the code is to calculate the number of dark matter scattering events that would be observed
over the lifetime of an experiment. The code simulates the production and scattering of dark matter using Monte
Carlo methods, sampling the underlying distributions (e.g. the momentum and angle distribution of the produced
pi0’s, or the differential cross section of neutral current elastic dark matter nucleon scattering). An advantage of
generating individual dark matter production and scattering events, is that the code should prove straightforward to
integrate with the simulations maintained by experimental collaborations. For example, using a beamline simulation
for the production of pions, instead of generating pions from a phenomenological parameterization, would allow the
use of a list of pions supplied by the experimental collaboration, improving the accuracy of the signal calculation.
We now move to a high level overview of the components of the code.
2. Overview
A schematic flow-diagram of the code appears in Fig. 13, and the various components are summarized below. Note
that the physical DM production, propagation and detection steps 1, 2 and 3 occur at the physical positions indicated
by the circled numbers in Fig. 12.
A: The simulation is run by calling the build/main program. It accepts a single argument, a file path denoting
the location of a parameter file. If no argument is provided, a default parameter file, parameter.dat, is
loaded instead. The parameter file contains a list of parameters describing the desired run configuration. A
comprehensive list of the arguments that may be provided in the parameter file will be given in App. B, and an
example parameter card for the example setup is provided at the end of that section. All of the valid parameter
arguments are stored as variables in a Parameter object. After reading the parameter file, the code initializes
variables describing the run (e.g. the number of events to generate, the output file to which events are to be
written), the physics model (e.g. the mass of the dark matter candidate and vector mediator) and a Detector
Proton Beam
Target
Dark Matter Trajectory
Detector
5m
500m
Scattered Particle
1 2 3
FIG. 12. A diagram of dark matter production at simplified fixed target neutrino experiment with geometry and beamline similar to that
found at MiniBooNE. The detector is a sphere with a radius of 5 m filled with CH2, located 500 m from the centre of the target. Most of
the 500 m between the target and the detector is expected to be filled with dirt and other dense materials. Dark matter and neutrinos are
produced through the interactions of an 8.9 GeV proton beam impacting on the target.
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A. Initialize run
variables (App. B)
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1. Calculate pro-
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(Sec. 3, App. C)
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(Sec. 3, App. C)
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(Sec. 4, App. D)
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FIG. 13. Schematic outline of the simulation code.
object. For the example experiment, the Detector would be a sphere with a radius of 5 m located 500 m from
the center of target (taken as the coordinate origin).
1: The next step is that a list of production channels is created, each element comprising an initial momentum
distribution of primary beam products, Distribution, and a DMGenerator to decay those particles into dark
matter pairs. In addition, a Scatter object is initialized to handle the interactions between the dark matter
and the detector material. At this time, we calculate the total number of dark matter particles that is expected
to be produced for a number of Protons on Target (POT) through each production channel in the list. The
exact equations differ by production channel, and are described in App. C.
In the example experiment, the list of production channels only has one element, for pi0 decays. This requires
creating a Sanford-Wang Distribution for an 8.9 GeV proton beam and a DMGenerator to simulate the decay
chain pi0 → γV → γχχ¯. The total number of dark matter particles produced would then be equal to
Nχ = POT× pi0 per POT× Br(pi0 → χχ†γ), (1)
where pi0 per POT is the number of pi0’s produced per POT. For a MiniBooNE-like experiment, this is
approximately 1. The Scatter object is created to handle neutral current-like elastic scattering between a
nucleon and a dark matter particle with no cuts imposed on the outgoing energy and angle of the nucleon.
20
2: The simulation loop begins by selecting a production channel from the list generated in the previous step. Each
channel has a probability of being chosen equal to fraction of the total number of dark matter particles that
would be produced through the channel. The Distribution corresponding to that production channel generates
the four-momentum of a meson or V produced by the interactions of the proton beam with the target. This is
accomplished via rejection sampling using a differential particle production cross-section or by iterating through
a pre-generated list of particle four-momenta. This initial particle is decayed by the DMGenerator, outputting a
pair of dark matter particle four-momenta. The length of the intersection between these dark matter trajectories
and the detector is calculated (see App. I), and if either are found to be non-zero, then the initial meson or V
and the intersecting dark matter particle(s) four-momenta are stored in a list and the code continues to step 3.
More commonly, no intersection is found, and we return to the beginning of step 2 to choose another production
channel.
In the example, there is only one production channel to choose from, pi0 decay. The Distribution generates
a momentum and an emission angle for a pi0 from the Sanford-Wang distribution using rejection sampling (see
App. H 1). This initial 4-momentum is handed off to the DMGenerator, which decays this particle into a photon
and a V , and then decays the V into two dark matter particles. A list of the initial pi0 and all the products is
returned. All of these processes are assumed to occur at the origin, which defaults to the centre of the target.
Only the dark matter particles will propagate outward. The two dark matter trajectories are passed to the
spherical Detector object’s Ldet member function, which uses the algorithm described in App. I 1 to check for
the length of the intersection between their trajectories and the detector geometry.
3: Once a dark matter four-momentum is found to intersect with the detector, it is passed to the Scatter object’s
probscatter member function. The code first determines whether a dark matter particle scatters at all by
calculating the ratio of the interaction probability of this particular dark matter particle to the maximum
possible interaction probability,
R =
σ(Ei)× Li × n
MAX(σ × L× n) , (2)
where σ(Ei) is the interaction cross section for an incident dark matter particle with some energy Ei, Li is the
length of the intersection between the dark matter trajectory and the detector, and n is the number density of
the particles with which the dark matter is interacting. The denominator is the largest interaction probability
encountered thus far. A uniform random number u ∈ [0, 1] is generated, and if u < R, no interaction occurs
and the dark matter particle is discarded. If an interaction does occur, then an acceptance-rejection algorithm
is used to generate a final state four-momentum by sampling from a differential distribution of the interaction
cross section. This particle is added to the list generated in step 2, and the number of recorded interactions is
incremented.
Continuing with our specific example, dark matter particles that intersect with the detector are passed on to the
Scatter object, which in this case determines first whether an NCE nucleon dark matter scattering event occurs,
followed by the generation of an outgoing nucleon trajectory by selecting an energy from the differential nucleon
dark matter scattering cross section through rejection sampling (The scattering angle is uniquely determined by
the outgoing energy). If a scattering event occurred, the outgoing nucleon is added to list of particles generated
in step 2.
B: After the requested number of sample signal events have been generated, the total event rate is calculated as
detailed in App. F. This data, along with other details of the run described in App. G, is appended to the
summary file.
C: For each successful interaction, the four-momentum of the recoil particle is recorded in an events file with the
format described in App. G.
Appendix B: The Parameter File
The parameters of the experimental setup and the dark matter scenario to be studied are set in a parameter file
supplied to the main code at the beginning of the run. Parameters are supplied in <parameter name> <value>
pairs, where valid values may be keywords, real numbers or integers. There is some basic error handling to catch
improperly formatted parameters and notify the user, but as it has not been extensively tested, parameter files should
be written with care. The simulation uses meters, seconds and GeV, except where otherwise noted, and all parameters
should be supplied in these units. Any line that begins with # is treated as a comment, and is ignored by the parser.
Note that many parameters possess default values that are used if they are not explicitly defined.
21
1. Metaparameters
These describe details of the run itself, as well as where to record the results.
burn max: The number of scatterings to perform during burn-in. Default is 1000.
burn timeout: The simulation will perform burn max×burn timeout burn-in loops before terminating the burn-
in phase and moving on to the simulation run. This should probably be combined with a max trials to ensure
that a run will terminate in a reasonable amount of time. Default is 2× 104.
max trials: An optional upper limit on the number of times the main simulation loop will run as counted by the
trials variable. Default is -1, which causes the code to act as if there is no maximum.
output file: The filepath to which the event summary should be written when the simulation is set to comprehensive
mode.
output mode: This determines what should be written to files during and after the run. Can be set to compre-
hensive or summary. Defaults to comprehensive.
run: Every run is labelled by a string. If no run name is supplied, an integer run number will be generated from the
current time.
samplesize: The number of scattering events to generate before terminating the run. The code will throw an error
if this is not set.
seed: Choose the seed to supply to the random number generator. A seed based on the current time is generated if
no seed is supplied.
summary file: The filepath to which a summary of the run should be appended.
2. Experiment setup
Parameters describing the target and proton beam of the experiment.
atomic mass target: Not currently used for any physics.
beam energy: The total energy of the proton beam. Defaults to 8 GeV.
dm energy resolution: The step size to use when creating an interpolation function for the scattering cross section.
Should be varied before starting a large batch of runs to check if it sufficiently small. Defaults to 0.1 GeV, which
may not be small enough for low energy experiments like LSND.
efficiency: This is an overall factor which accounts for the percentage of signal events the experiment successfully
detects and for any differences between the detector’s fiducial volume and the geometry used in the simulation.
Defaults to 1.0.
e num target: The number of electrons per atom in the target. Not currently used.
pi0 per POT: The number of pi0’s expected per proton on target. As many of the other meson production estimates
are scaled relative to that of the pi0, it is important to have a good estimate of this quantity. Defaults to 0.9,
which is appropriate for MiniBooNE, with beam on-target.
max dm energy: Used in creating interpolation functions for scattering cross sections. This can be safely set equal
to the beam energy as an upper limit, at the cost of slowing the initialization of the simulation slightly. Defaults
to beam energy.
max,min scatter angle: Cuts on the scattering angle of the outgoing visible particle (e.g. nucleon, electron) in an
interaction event. This defaults to 2.1pi radians and 0.0 radians respectively, which amounts to no cut on the
angle.
max,min scatter energy: Place cuts on the energy of the outgoing visible particle (e.g. nucleon, electron) in an
interaction event. Defaults to 109 GeV and 0.0 GeV, respectively.
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n num target: The number of neutrons per atom in the target. Defaults to 0.
n density target: The number density of atoms in the target. Defaults to 0.
p num target: The number of protons per atom in the target. Defaults to 0.
POT: The total number of protons on target over the duration of the experiment. This value must be supplied or
an error will be thrown.
proton target cross section: The total scattering cross section of protons on the target. Used to normalize the V
production rate for partonic V production. Defaults to 0.
signal channel: Which scattering channel to use. Choose one from: NCE nucleon, NCE nucleon baryonic,
NCE electron and pion inelastic6.
target length: The length of the target in meters. Default is 0.
timing cut: The length of the time delay required to register as an event. This currently calculates a timing efficiency
tefficiency,i =
{
1 tdelay,i >∼ tcut,
tcut−tdelay,i
tcut
tdelay,i < tcut,
(1)
where tdelay,i is the delay between the travel time of a neutrino moving between the target and the detector at
c and a dark matter particle. The mean of 1 over all dark matter particles i produced by a given production
channel is used to calculate the timing efficiency of that channel, and the total signal is multiplied by this
efficiency to determine the event rate after timing cuts. The default value is 0.0, which results in a timing
efficiency of 1.0.
3. Model
The model itself is determined largely by the choice of production and signal channels. A few overall parameters
must be set no matter which production or signal channel is chosen.
alpha D: The dark sector coupling strength α′ = e
′2
4pi , or in a baryonic model, αB .
dark matter mass: The mass of the dark matter candidate χ
dark photon mass: The mass of the V mediator.
epsilon: The mixing constant  between the V mediator and the photon.
kappa: See epsilon.
4. Production Channels
Any number of production channels may be specified in the parameter file. A production channel declaration begins
with production channel <channel name>, where the production channels currently supported have the following
names (cf. Sec. 3):
• pi0 decay, pi0 decay baryonic,
• eta decay, eta decay baryonic,
• omega decay, omega decay baryonic,
• rho decay,
6 Note that coherent nucleon scattering is not currently supported in the code. This was added in a fork of the code specifically developed
for a study of coherent dark matter nucleus scattering in [89], and was not folded back into the primary code. This should be added in
a later update.
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• phi decay, phi decay baryonic,
• pi-minus capture,
• parton production, parton production baryonic,
• V decay, V decay baryonic. (These channels apply for bremsstrahlung production - see below.)
Note that rho decay, omega decay, and omega decay baryonic should not be used with either of the proton
bremsstrahlung production channels, as this would result in double counting due to the significant overlap in V
production sources. All non-pi0 decay channels require that meson per pi0 be defined. This quantity is dependent
both on the originator meson and the beam energy.
Following the production channel declaration, an optional production distribution can also be specified using pro-
duction distribution <distribution name>. Several of these distributions accept additional parameters, which
must follow the production distribution declaration in the parameter file. We now list the currently accepted
distributions along with any additional parameters they accept.
• pi0 sanfordwang (Utilizing the Sanford-Wang differential distribution for pion production at MiniBooNE
energies)
distribution parameter file: This is the filepath to a parameter file listing new values for variables c1 through
c9 and d1 through d9, as well as the Beam Energy (which overrides any beam energy listed in the
main parameter file) and maximum pi momentum. This should be formatted in the same manner as
the initial parameter file. Note that the c parameters are for the pi+ fit, and the d parameters are for the
pi− fit, where the variable names correspond to those found in the MiniBooNE paper on the topic [51].
This file is parsed in the same manner as the main parameter file and any parameter names that it does
not expect will be saved with their values, but otherwise ignored.
sanfordwang parameter file: Alternative parameter name for distribution parameter file.
• k0 sanfordwang (Utilizing the Sanford-Wang differential distribution for kaon production at MiniBooNE en-
ergies)
distribution parameter file: This is the filepath to a parameter file listing new values for variables e1 through
e8 for the K0 fit in [51], where we have switched c from the paper for e. Otherwise handled identically to
pi0 sanfordwang.
sanfordwang parameter file: Alternative parameter name for distribution parameter file.
• particle list (A list of particle 4-vectors in place of a production distribution)
particle list file: The file path to a text list of particle four-momenta in the format px py pz E. Optionally,
each can be appended with an additional four-vector describing the space-time starting position for each
particle, resulting in the format px py pz E x y z t. Note that the z-axis is oriented parallel to the beam
direction.
particle list position: Supply true to indicate to the parser that particle positions should be expected. Any
other argument will default to false.
• burmansmith (Utilizes the Burman-Smith distribution for pion production at LSND energies) This channel
requires some target parameters to be set, specifically p num target and n num target.
• bmpt (Utilizes the general pion distribution determined in [52] for a range of multi-GeV beam energies) This
channel also requires p num target and n num target to be set.
• parton V, parton V baryonic (Requires externally generated data for V -production at the parton level)
parton V neutron file: A file path to a text list of pairs of V momenta and differential V production cross
sections
dσpn→V+X
dEV
listed in microbarns per GeV. Note that the V momenta must be supplied with a
constant step size.
parton V proton file: As parton V neutron file, but for
dσpp→V+X
dEV
.
• proton brem, proton brem baryonic. (Utilizes the bremsstrahluncg production mode discussed in Sec. 3)
These channels should be paired with V decay and V decay baryonic respectively, as they produce on-shell
V ’s which decay isotropically.
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ptmax: The maximum transverse momentum which a produced V mediator may possess. The minimum is
assumed to be 0.
zmin: The minimum value of z =
pV,z
P , where pV,z is the momentum of the V parallel to the z axis, and P is
the total momentum of a beam proton incident on the target. See below for further details on choosing
these parameters.
zmax: The maximum value of z, defined as in the zmin.
5. Detector Parameters
The detector parameters describe the location, size, and material of the detector. In the current version of the code,
only one detector may be declared. The detector declaration begins with detector <shape>, where <shape> can
be sphere or cylinder. After this command, the parameter parser will expect the dimensions of the detector to be
supplied, as well as a list of materials which reflect its composition. It will accept further commands describing the
detector until it encounters a non-detector variable, at which point it will return to regular parsing. For a spherical
detector, the center of the detector needs to be supplied using x-position, y-position, and z-position, as well as
the radius. For a cylindrical detector, the length must also be defined, as well as its orientation. The orientation
defaults to the length of the cylinder aligned parallel to the z-axis, and it is rotated to other orientations by an angle
θ by rotating about the x-axis, and then an angle φ by rotating about the y-axis, supplied using det-theta and
det-phi, respectively.
A material is defined by providing a material <name>, and then providing the number density in particles
per cm3 (note that this is one of the few areas where we do not use meters), proton number, neutron number,
electron number and mass in GeV.
6. Parameter File Example
We provide below a simple parameter card for the MiniBooNE-like example experiment detailed in App. A 1.
#Parameter Card
#A l l masses shou ld be prov ided in GeV, a l l l e n g t h s in meters .
#Lines preceded by a # are ignored by the parser .
#Model Parameters
e p s i l o n 1e−3
dark matter mass 0 .01
dark photon mass 0 .1
alpha D 0 .1
#Run parameters
POT 2e20
pi0 per POT 0.9
sample s i z e 2000
beam energy 8 .9
#Production Parameters
product ion channe l p i0 decay
p r o d u c t i o n d i s t r i b u t i o n pi0 sanfordwang
#S c a t t e r i n g Parameters
s i g n a l c h a n n e l NCE Nucleon
output mode comprehensive
#Where to w r i t e e v e n t s and summary in format ion .
o u t p u t f i l e Events/ events . dat
summary f i l e Events/summary . dat
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#Detector Parameters
de t e c t o r sphere
x−p o s i t i o n 0 .0
y−p o s i t i o n 0 .0
z−p o s i t i o n 500 .0
rad iu s 5 .0
#Mater ia l parameters
mate r i a l Carbon
number density 3 .63471 e22
proton number 6
neutron number 6
e lectron number 6
mass 11 .2593
mate r i a l Hydrogen
number density 7 .26942 e22
proton number 1
neutron number 0
e lectron number 1
mass 0 .945778
Appendix C: Dark Matter Production
Dark matter production involves the generation of an initial particle from a production distribution (handled
by the Distribution class), and its decay to dark matter and subsequent propagation to a detector (handled by
the DMGenerator class). As multiple channels often contribute to dark matter production simultaneously, a list of
production channels is prepared, each with its own Distribution and DMGenerator, and the number of dark matter
particles produced by each channel, vnum[i] (see App. C 2), is calculated in advance. This process can be broken
into a few steps:
• A production channel i is chosen randomly from the previously mentioned list with a probability
Prob(i) =
vnum[i]
vnumtot
, (1)
where vnumtot=
∑
ivnum[i].
• An initial particle must be generated from a sample distribution that describes particle production in proton-
target collisions. This is handled by the Sample Particle member function supplied by Distribution, which
assigns a Particle object a four-momentum drawn from an internal production distribution using rejection
sampling, or from a list of four-momenta supplied from a text file. This initial particle becomes the first element
of a list of particles.
• The list of particles containing the initial particle created by the Distribution is passed to the DMGen member
function of the DMGenerator object. This function will decay the initial and all subsequently produced particles
until the four-momenta for dark matter particles are generated. These dark matter four momenta are checked
for intersection with the detector using the LDet member function of the Detector defined during initialization.
If non-zero intersection is found, all of the produced particles are added to the supplied list of particles and the
function returns true, indicating that the simulation should now attempt to generate a scattering probability.
a. The Particle Class
The Particle class encodes all of the salient details about a particle and provides a number of methods to calculate
and set useful quantities. The most important variables are:
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• px, py, pz, E, the four-momentum.
• m, the particle mass
• name, a string identifying the particle. During the simulation loop, the code will look for particles named “DM”
in order to propagate them to the detector and attempt to scatter them.
• origin coords, end coords, two double[4] arrays which record the origin point and time of the particle and
where and when it was destroyed, either by decaying or scattering. The position is stored in the elements 0 to 2,
and the time in element 3. This is only truly important for the dark matter at the current time, as end coords
records when and where in the detector it scattered.
The most important computations include:
• void Lorentz(Particle& part), perform a Lorentz boost on the Particle from the rest frame of part to the
lab frame.
• void Set Time(double t), calculate the end coords by propagating from origin coords in the direction of
the four-momentum of the Particle for t-origin coords[3] seconds.
• void ThreeMomentum(double PX, double PY, double PZ), set the three-momentum (px, py, pz) of a
Particle with mass m to the supplied momenta, and then calculates the energy E.
1. Production Distributions
a. The Distribution Class
All of the distributions in the code inherit the Distribution class, which requires the implementation of a single
function:
• sample particle(Particle& part) generate a four-vector for an initial particle produced through the inter-
actions of the proton beam and the target, ideally according to a distribution function or a supplied list of
four-vectors. The implementation of this is entirely dependent on the distribution selected. An estimate of
the maximum value of the distribution is required for rejection-sampling, and as this is normally not known
before run-time, each distribution will perform a short burn-in run by generating ∼ 104 sample particles upon
initialization. The sample particle method automatically updates its estimate of the maximum value of the
production cross section each time it generates an acceptable four-momentum7.
In addition, as it is not guaranteed that a Distribution object will know the mass of the particle it is generating,
this can be indicated at a later time by using the set mass(double) member function.
b. Pion Distributions
The Sanford Wang and BMPT distributions both generate a pair of candidate angle θi and momentum pi variables
using a uniform random number drawn from the kinematically allowed regime. The differential production cross
section sin(θ) d
2σ
dθdppi
(θ, ppi) is compared with MAX
(
sin(θ) d
2σ
dθdppi
)
for use in rejection sampling. Once a particle has
been accepted, an angle φ is generated by drawing a uniform random variable from the range [0, 2pi). The Burman-
Smith distribution is used in a similar manner, but samples pi kinetic energy instead of momentum.
7 This does not apply to Particle Lists, which simply iterate through the list of particle 4-momenta that have been supplied.
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c. Direct (partonic and bremsstrahlung) V production
The partonic V distribution produces V mediators directly from quark level interactions in the colliding nuclei
rather than through intermediate particles. This calculation requires knowledge of parton distribution functions that
are not included in the simulation, as outlined in Sec. 3 C, following [3]. The required input comprises two csv files
containing data points of
dσpN→V
dpV
, for proton-proton and proton-neutron collisions with a given beam energy and V
mass. The parton V gen class constructs interpolation functions based on these files, and uses acceptance rejection
sampling to generate V momenta. The total V production cross section σpN→V+X can be calculated by summing
over the numerical data. As described earlier in Sec. 3 C, at tree-level each V is created with a momentum parallel to
the proton momentum (i.e. along the z-axis).
The proton brem distribution samples V four-momenta from the proton bremsstrahlung distribution (6), where
the maximum value is known to be
MAX
(
d2NV
dzdp2⊥
(z, p⊥)
)
=
d2NV
dzdp2⊥
(zmin, 0). (2)
d. Particle Lists
One final option is to use an explicit particle list. Rather than sampling from a distribution, this reads a list of
four-vectors from a text file, and stores it in a list. Each time sample particle is called, it iterates one step through
the list, constructs a particle based on the four-momentum, and returns it. A position and timing distribution can
also be supplied by appending a four-vector to each four-momentum in the supplied text file. This is especially useful
when particles are supplied by a beamline simulation, as different portions of the target and surrounding materials
are likely to exhibit different momentum distributions.
2. Dark Matter Generation
a. The DMGenerator Class
Once a Distribution has returned an initial particle, a DMGenerator object is tasked with simulating the chain
of decays which will result in the production of dark matter. Each dark matter production channel is implemented
through a class derived from DMGenerator. The most important member variables of DMGenerator are:
• mv, mx, kappa, alphaD, the parameters describing the hidden sector dark matter scenario.
• chan name, a string storing the name of the production channel. As an example, the pi0 → γχχ¯ channel is called
“pi0 decay”.
• branchingratio, the probability that the decay process will occur. For direct V production channels this will
be nearly 1 so long as invisible decays dominate.
Classes that are derived from DMGenerator must implement two member functions:
• bool DMGen(list<Particle>& plist, function<double(Particle)> det int, Particle& inital part)
uses the inital part supplied by Distribution to generate a pair of dark matter particles through a chain
of decays. The produced dark matter particles (always a pair in the current code) are checked for intersection
with the detector by det int, the function Ldet supplied by the detector class (see App. I). If a non-zero
intersection is recorded, all of the particles involved in the production of the dark matter particle are saved, and
the function returns true.
• void Evaluate Branching Ratio() calculates the branching ratio for the production channel and stores it in
branchingratio. This is called automatically on initialization of DMGenerator.
The DMGenerator must be able to calculate the branching ratio for dark matter production, though the exact chain
of processes is highly dependent on the production channel. Each production distribution is responsible for returning
a branching ratio or some equivalent value which can be used to calculate vnum, the total number of V mediators
produced by POT protons that will decay into dark matter particles. If the V is produced on-shell, we have
vnum = NV × Br(V → χχ†), (3)
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where NV is the number of V bosons generated. This is generalized appropriately for decays involving of-shell
mediators.
b. Meson Decays
The most thoroughly studied production channel is that of pseudoscalar meson decay, in which a pseudoscalar
meson X decays radiatively as X → χχ¯ + γ. These production channels should be paired with one of the meson
production distributions: Sanford-Wang, BMPT or Burman-Smith. For the on-shell case, in which mV > 2mχ and
mV < mX , the decay is performed in two steps, first by decaying the meson, X → V + γ, and then decaying the
mediator, V → χχ¯. The total branching ratio is a product of that for the two sub-processes
Br(X → χχ¯+ γ) = Br(X → V + γ)Br(V → χχ¯), (4)
where Br(V → χχ¯) ≈ 1 for large α′. The total number of on-shell V particles, vnum, is given by
vnum = Br(X → χχ¯γ)×meson per pi0× pi0 per POT×POT, (5)
where meson per pi0 = 1 for pi0. Each decay is isotropic in the parent particle’s rest frame, and the momentum of
the daughter particles is determined by
λ(m1,m2,m3) =
1
2m1
√
m41 +m
4
2 +m
4
3 − 2m21m22 − 2m22m23 − 2m23m21, (6)
where m1 is the parent particle, and m2,3 are the daughter particles. After performing the X → V + γ decay, the V
is Lorentz boosted from the X rest frame to the lab frame, and this process is repeated for the V and its daughter
χχ¯ particles.
For off-shell decays, the branching ratio Br(X → χχ¯+γ) does not possess an analytical form, and must be integrated
numerically. The branching ratio is calculated as
∫ m2X
4m2χ
ds
dBr
ds
(X → V ∗ + γ → χχ¯+ γ), (7)
where s is the center of mass energy of the V , and the integral is performed using Sinh-Tanh quadrature. At this
point it should be noted that the previous paragraph on the handling of the on-shell case was not quite correct, as
near threshold the off-shell contributions become competitive with the on-shell expression. As a result, the complete
off-shell branching ratio is always calculated, and if off-shell corrections are found to be sufficiently large (as defined
by Br(X → χχ¯ + γ) >∼ 1.3 × Br(X → V + γ)Br(V → χχ¯)), the off-shell machinery will be used. We also note that,
in this approximation, the mesons are treated as elementary but a form factor could be incorporated to account for
the virtuality dependence.
The simulation of the off-shell decay uses rejection sampling on d
2Br
dsdθ (X → V ∗ + γ → χχ¯+ γ) to generate an (s, θ)
pair, where θ is the angle between the χ and the z-axis in the rest frame of the V . The z-axis of this rest frame is
aligned such that it is parallel to the V ’s momentum in the X’s rest frame. In order to boost to the X rest frame, we
first boost along the z-axis to match the V ∗ momentum, and then rotate the z-axis to be parallel to the V momentum
in the X rest frame.
The simulation of vector meson mixing is quite similar to that of the pseudoscalar meson decays, but the calculation
of vnum is slightly different,
vnum = Br(X → χχ¯)×meson per pi0× pi0 per POT×POT. (8)
The kinematics of this process are simulated as an off-shell vector meson X oscillating into an on-shell V , which then
decays normally into a χχ¯ pair. This channel is normally paired with a pion production distribution to generate a
somewhat reasonable set of three-momenta from which to sample. Note that this channel overlaps with, and has
now been replaced by, bremsstrahlung production which also receives a significant contribution from resonant vector
meson mixing.
29
c. Direct (partonic and bremsstrahlung) V Production
The handling of partonic V production is quite a bit simpler, as we have only to decay the vector particle supplied
by the distribution. The only complication is that the decay is not isotropic, but is instead drawn from8
g(θˆ) =
3
4
(1− cos2(θˆ)), (9)
where θˆ is the angle between the dark matter momentum and the beam direction. The V production rate is calculated
using the assumption that experiments are designed to have the majority of their beam protons interact with target
material, and so NV should be proportional to the ratio of the total proton-material cross section to the V production
cross section,
NV =
σpA→V+X
σpA
×POT, (10)
where σpA is the total proton scattering cross section with material of mass number A.
Proton bremsstrahlung is handled in a similar manner, but the V mediators are decayed to dark matter isotropically.
The total number of V ’s produced is calculated as
NV = POT
∫ ptmax2
0
dp2⊥
∫ zmax
zmin
dz
d2NV
dzdp2⊥
, (11)
where d
2NV
dzdp2⊥
is defined in (6).
Appendix D: Signal Channels
Once a dark matter particle’s four-momentum has been found to intersect with the experiment’s detector, it is passed
on to the Scatter object through the probscatter member function. The Scatter object determines whether an
interaction occurs, and if so, generates the final state particles produced by the scattering.
d. The Scatter class
Dark matter signal calculations are handled by the Scatter class. Each signal channel is implemented as a class
derived from Scatter, and they all share the following variables
• MDP, mdm, alD, kap9, the model parameters.
• pMax, the maximum scattering probability encountered.
• Escatmax, Escatmin, min angle, max angle, kinematic cuts on outgoing visible particles (e.g. nucleon, elec-
tron). The range of acceptable angles defaults to [0, 2pi) unless otherwise indicated.
Scattering is handled by:
• probscatter(shared ptr<detector>& det, list<Particle>& partlist, list<Particle>::iterator& DMit),
where det is a pointer to a detector object, partlist is the list of particles produced by DMGenerator (see
App. C 2) and DMit is an iterator pointing to the dark matter particle that is being checked for scattering.
Should a scattering occur, a final state particle is generated and inserted into partlist as the element following
the dark matter. More details are provided below.
8 In the case of fermionic dark matter, this would be g
(
θˆ
)
= 3
8
(
1 + cos2 θˆ
)
.
9 This naming convention is not consistent with DMGenerator.
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For NCE nucleon scattering and inelastic pi0 production, the total interaction cross section includes one or more
integrals which must be evaluated numerically. Upon initialization these Scatter objects will generate an interpolation
function of its interaction cross section on both neutrons and protons over Eχ ∈ [0,max dm energy], where Eχ is
the incident dark matter energy. Any cuts on the recoil energy for the NCE nucleon channels are implemented as
limits on the range of integration during this step. This is unnecessary for NCE electron scattering, as a closed form
exists for its scattering cross section. In addition, an interpolation function for the maximum value of the differential
cross section is found for both neutron and proton scattering over the same incident dark matter energy range using
the minimization algorithm described in App. H 2.
The probability that an elastic scattering will occur for dark matter particle χi is given by
pi = σχN,e→χX(Eχ,i)× LDet,i × nN,e, (1)
where σχN,e→χX is the integrated interaction cross section, LDet,i is as defined in (8) and nN,e is the number density
of nucleons or electrons. The formula for inelastic pion production is similar,
pi =
2
3
σχN→χ∆(Eχ,i)× LDet,i × nN , (2)
where the factor of 2/3 reflects the branching ratio of ∆ → pi0 as opposed to ∆ → pi+. An interaction is deemed to
have occurred if the inequality pi > u×pmax, where as before u is a uniform random number drawn from [0, 1].
Once a scattering has occurred, a final state particle observable by the detector must be generated. In every signal
channel, an outgoing energy is generated through rejection sampling on the differential scattering cross section, with
the envelope set by the maximum value of the differential cross section. This maximum is calculated for all possible
dark matter energies during initialization. Should it pass, a scattering angle θ relative to the incoming dark matter’s
momentum is generated for the scattered particle, followed by φ ∈ [0, 2pi). While this particle is ready for output in
the case of elastic scattering, there is one additional step in the inelastic pi0 channel: the decay ∆ → pi0γ. This is
handled in the same manner as the pi0 → γV decay channel, but with different masses for the parent and massive
daughter particles. Note that all scatterings are handled as if the dark matter was travelling parallel to the z-axis, all
output particles are rotated to the lab frame after the scattering occurs.
For the elastic scattering channels, the particles generated through this process are guaranteed to pass any energy
cuts as those cuts are included in the calculation of the total scattering cross section. This is not the case for inelastic
pi0 production, as the end state is not as deterministic, and so any cuts on the outgoing pi0 momentum must be checked
separately. In all cases, angular scattering cuts are checked afterwards by the main code before being accepted as
scattering events.
Appendix E: The Simulation Loop
Before the simulation loop proper begins, a burn-in run is conducted for each production channel to estimate pmax.
This is very similar to the simulation loop, but the end state interaction results are not generated, and the variable
nburn is incremented each time. The burn-in run is conducted until burntrials is equal to BURNMAX. We provide a
schematic view of the simulation loop here.
1. Set trials=0, nevents=0, ninteractions = zeros(chan count).
2. While nevent ≤ samplesize:
(a) trials++.
(b) Generate a uniform random number vrnd ∈ [0,vnumtot].
(c) Set i = 0, scatterswitch=False.
(d) While i < chan count:
i. If vrnd < vnum[i] then break
ii. Else set vrnd = vrnd - vnum[i].
(e) Initialize Particle part with four-momentum p=0.
(f) Set the four-momentum of part using Distribution’s Sample Particle method.
(g) Initialize an empty list of Particles partlist.
(h) Append part to partlist.
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(i) Generate a list of decay product Particles of part using DMGeneratori’s DMGen member function and
store them in partlist.
(j) For each dark matter Particle j in partlist:
i. If Ldetj == 0 then continue
ii. Else
A. Simulate an interaction using Scatter’s probscatter method.
B. If probscatter returns true, then insert the end state Particle generated by probscatter after j
in partlist, and set scatterswitch=True.
(k) If scatterswitch, then write all the particles in partlist to output file, nevent++ and ninteractioni++.
3. end while loop
Appendix F: Calculating the Number of Signal Events
Signal events are particle interactions which pass all experimental cuts and are successfully identified (the latter
condition is represented by efficiency factors). The number of signal events reported by the code is an estimate of
the total number of signal events that the experiment would observe given some number of protons on target, POT.
The number of signal events is different from the number of sample events requested, as these are mere representative
events generated to estimate the total signal. The signal rate from a given production channel i is calculated as
signal events[i] =
ninteractions[i]
trials
× vnumtot× pmax× efficiency, (1)
where ninteractions and trials are discussed in App. E, vnumtot is found in App. C 2, pmax is discussed in App. D
and efficiency is a parameter mentioned in B 2. The total signal rate is given by the sum
total signal events =
chan count−1∑
i
signal events[i]. (2)
This total signal number is required to estimate an experiment’s discovery potential for a given new physics scenario.
Appendix G: Output
In all modes, the simulation will append a summary of the results to the file path supplied for summary file after
completing a run. Each entry begins with Run run, and is followed by a number of lines equal to chan count with
the results for each channel in the format:
channel name dark photon mass dark matter mass signal events[i] epsilon alpha D signal channel
POT Efficiency samplesize vnum[i]
The summary output terminates with one final line with the format:
Total dark photon mass dark matter mass total signal events epsilon alpha D signal channel POT
Efficiency samplesize vnumtot
The output expected for our example experiment from App. A 1 is provided here:
Run 1470677009
p i0 decay 0 .1 0 .01 4137.09 0 .001 0 .1 NCE nucleon 2e+20 1 2000
Total 0 . 1 0 .01 4137.09 0 .001 0 .1 NCE nucleon 2e+20 1 2000
As a further example, we show a few runs for NCE nucleon scattering with alpha D=0.1, epsilon=10−3,
dark matter mass=5 MeV and dark photon mass=0.4 GeV:
Run 1446004457
p i0 decay 0 .4 0 .005 0.00365517 0 .001 0 .1 NCE nucleon 2e+20 1 5000
eta decay 0 .4 0 .005 0.996236 0 .001 0 .1 NCE nucleon 2e+20 1 5000
proton berm 0 .4 0 .005 0.0154329 0 .001 0 .1 NCE nucleon 2e+20 1 5000
Total 0 . 4 0 .005 1 .01532 0 .001 0 .1 NCE nucleon 2e+20 1 5000
Run 1446086551
p i0 decay 0 .4 0 .005 0.00195789 0 .001 0 .1 NCE nucleon 2e+20 1 5000
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eta decay 0 .4 0 .005 0.93881 0 .001 0 .1 NCE nucleon 2e+20 1 5000
proton brem 0 .4 0 .005 3 .95397 0 .001 0 .1 NCE nucleon 2e+20 1 5000
Total 0 . 4 0 .005 4 .89474 0 .001 0 .1 NCE nucleon 2e+20 1 5000
Run 1446086747
p i0 decay 0 .4 0 .005 0.00120486 0 .001 0 .1 NCE nucleon 2e+20 1 5000
eta decay 0 .4 0 .005 0.490378 0 .001 0 .1 NCE nucleon 2e+20 1 5000
proton brem 0 .4 0 .005 1 .51652 0 .001 0 .1 NCE nucleon 2e+20 1 5000
Total 0 . 4 0 .005 2 .0081 0 .001 0 .1 NCE nucleon 2e+20 1 5000
In summary mode, the summary file is the only output produced, discounting various status reports written to
the terminal. While in comprehensive mode, the code also writes a report of all the particles which took part in
each event to output file. This file begins with the run name in the format Run run. Each event output is preceded
by event nevent, where nevent is the number of events at the time which it was recorded. Next, each particle in
the partlist for the given event writes a report of its four-momentum and, if it was the final endstate particle, the
position where the signal interaction occurred in the format [particle name px py pz E x y z t] where x y z t
are the optional position and time coordinates only shown for the signal particle. The particle reports are followed
by the line endevent nevent.
Once again, we provide a sample output:
Run 1462311643
event 1
pion 0.285398 −0.0544237 5.54369 5.55294
V 0.204215 −0.0118137 4.14206 4.14832
DM −0.00377294 −0.00148947 0.658276 0.658307
proton −0.185011 0.235048 0.134491 0.993941
−2.82029 −1.11338 492.064 1 .64143 e−06
endevent 1
event 2
pion 0.0252685 0.113951 1 .771 1.77997
V 0.039564 0.105479 1.71365 1.72026
DM −0.00213871 −0.000317347 0.733531 0.733551
proton 0.205311 −0.208192 0.118041 0.989841
−1.42464 −0.21139 488.618 1 .6299 e−06
endevent 2
event 3
pion −0.0597918 −0.0244405 5.17368 5.17585
V −0.0199172 −0.0266187 4.24083 4.24214
DM −0.0127331 −0.0416011 4.10137 4 .1016
neutron −0.305361 −0.15944 0.0761656 1.00362
−1.53362 −5.01059 493.984 1 .64785 e−06
endevent 3
In this example, two of the scattering events occurred between dark matter and a proton, while the last one was a
rare scattering off a neutron. All three originated with relatively low energy pi0’s.
Appendix H: Numerical Techniques
1. Rejection Sampling
The primary method used to sample cross-sections or momentum distributions is rejection sampling, also known as
acceptance-rejection (see e.g. [90]). To draw samples from a distribution f(x), we find an easily sampled enveloping
distribution g(x) for which
g(x) >∼ f(x)∀x, (1)
where  is some real number chosen such that this condition is satisfied. We then execute the following loop:
1. Generate a uniform random number u ∈ [0, 1] and an array of random numbers x from g.
2. If u > f(x)/g(x), return x.
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3. Else goto to step 1.
The simplest version of this algorithm, which is employed by the simulation code, is to set g(x) = MAX (f(x)), which
allows us to generate x’s using uniform random numbers over the domain of f . While crude, this sampling regime is
quite effective for distributions of low dimensionality that are not sharply peaked. The code does sometimes encounter
issues with peaked distributions, and a more adaptive sampling algorithm could be implemented to tackle them more
efficiently if required, but it has thus far not been a significant issue.
In our example experiment, we use rejection sampling to generate a momentum ppi0 and an emission angle θpi0
for a pi0 created in the target. For the Sanford-Wang distribution, this would be done by generating a random
ppi0 ∈ [0, 7] GeV and θpi0 ∈ [0, pi/2] rad, as well as a uniform random number u ∈ [0, 1]. We then check if
SW (ppi0 , θpi0) > u× SWmax, (2)
where SWmax is the maximum possible value of the Sanford-Wang distribution. If this condition holds true, the ppi0
and θpi0 that were found are returned
10. If it fails, one starts again with a new set of numbers ppi0 , θpi0 , and u, and
repeats until 2 is satisfied.
2. Function Extrema
Rejection-sampling requires knowledge of the extrema of the sampled functions. This is often difficult to predict
ahead of time. For example, the maximum value of the dark matter interaction with the detector is dependent
on detector geometry, position and composition, beam energy, dark matter production mode and distribution, and
experimental cuts on the recoil momentum and angle of an outgoing particle. In these cases the relevant maxima
are initially set to zero, and then updated over time. A short burn-in period, where numbers, particles, or entire
scattering events are generated but not used, precedes regular running to obtain a realistic estimate of the maximum
of the distribution.
There are other cases, particularly in sampling the differential scattering cross sections, where this is far less feasible,
as the differential scattering cross section’s shape and maximum vary wildly with the incident dark matter energy.
For one dimensional distributions such as differential cross sections dσdER , the simulation code employs Golden Section
Search [91]. This is not the fastest routine available, but it is straightforward, makes few assumptions about the shape
of the function, and is sufficiently efficient to avoid noticeably slowing the simulation. Note that this is a minimization
algorithm, so we will be minimizing the value of f(x = ER) = − dσdER , and setting f(x) = 0 for all x outside of the
kinematically allowed domain of the differential scattering cross section.
In our example case, we could use this algorithm to find the maximum value of the differential NCE nucleon dark
matter scattering cross section11. This maximum value can then be used with rejection sampling by Scatter to
generate a recoil energy for a scattered nucleon.
It should be noted that the minimum must be bracketed before a Golden Section minimization can be attempted,
that is, we find two points a and c for which there exists some b such that a < b < c and f(b) < f(a), f(c). The
bracketing algorithm accepts two valid x values, and then begins taking ever growing steps downhill until it successfully
brackets the minimum, using a parabolic fit to target likely points for a minimum, or failing that, to choose the size
of the next step. The golden section search itself takes the three points returned by the bracketing algorithm and
repeatedly finds new brackets for the minimum by bisecting the search region into a pair of golden sections. The
algorithm terminates once it has narrowed the range to a set tolerance. These algorithms only find a local minimum,
but as the functions of interest are all concave and possess only a single minimum, this is not an issue.
3. Integration Techniques
There is frequently a need to perform numerical integrals for functions which are difficult or impossible to integrate
analytically. For example, we do not possess an analytic expression for the total NCE nucleon-dark matter cross
section,
σNχ→Nχ(Eχ) =
∫
dEr
dσNχ→Nχ
dEr
(Eχ), (3)
10 We may also want to generate an azimuthal angle φ ∈ [0, 2pi] at this point
11 For this cross section, the maximum always occurs for minimum recoil, so while it is possible to determine numerically, it is not necessary.
This algorithm is much more useful for NCE electron dark matter scattering or inelastic pi0 production, which both possess minima not
located at the extreme of the kinematically allowed regime.
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where Er is the recoil energy of the nucleon and Eχ is the energy of the incident dark matter particle. The total cross
section is required to calculate the probability of dark matter interacting with the neutrino detector.
One-dimensional integrals in the code are handled using Sinh-Tanh Quadrature [92], also called double exponential
integration. This integration scheme is particularly good for dealing with singularities at the edges of the integration
regime, which were encountered when performing integrals to calculate Br(pi0 → V ∗Bγ → χχ¯γ). The technique remaps
an integral of a function f(x) on x ∈ [−1, 1] to an integral on g ∈ (−∞,∞), where g(x) = tanh(pi/2 sinh), and then
breaking it into an Euler-Maclaurin sum. This is quite effective, largely because the transformation tends to reshape
the integrand into a bell curve. The change of variable goes as follows
F =
∫ 1
−1
f(x)dx =
∫ ∞
−∞
f(g(t))g′(t)dt ≈ h
N∑
j=−N
wjf(xj), (4)
where xj = g(hj) and
wj = g
′(hj) =
hpi
2 cosh(hj)
cosh2
(
pi
2 sinh(jh)
) . (5)
In the simulation code itself, this is adapted somewhat to increase N and decrease h until a specified fractional
accuracy goal is achieved. In the code we continue to iterate until
∣∣∣Fn+1−FnFn+1 ∣∣∣ ≤ 10−3, where n and n+ 1 indicate two
sequential estimates of the integral.
Two dimensional integrals are handled using Simpson Cubature (see [93]). The algorithm itself is a long series of
sums and not terribly enlightening, and so will not be reproduced here. This algorithm is currently only used to
calculate the total production rate of V ’s in proton bremsstrahlung.
Appendix I: The Detector Class
The detector class exists to hold details about the detector’s physical characteristics (the parameters discussed
in App. B 5), and to return the length of the intersection between a ray representing a particle’s trajectory and the
detector geometry, called Ldet. We discuss the algorithms in detail for each case in the following sections.
1. Spherical Geometry
For this algorithm, pχ is the dark matter three-momentum, Rdet is the radius of the fiducial volume
12 of the detector
and
o = rdet − rχ, (1)
where rdet is a vector pointing from the origin to the center of the detector, and rχ is a vector from the origin to
the creation point of the dark matter particle. If a position distribution is not supplied to modify the momentum
distribution, then rχ = 0. We also define a few scalar quantities
A =pχ · pχ, (2)
B =− 2o · pχ, (3)
C =o · o−R2det. (4)
These scalars are the coefficients of the quadratic equation Ax2 +Bx+ C = 0 that is solved to determine the points
of intersection between the dark matter trajectory and the spherical shell of the detector. These intersection points
exist if the following conditions are satisfied:
B2 − 4AC > 0, (5)
A 6= 0 (6)
12 This defines the volume in which to accept signal events. Events originating too close to the outer shell of the detector are often difficult
to resolve efficiently.
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We now define
L± =
−B ±√B2 − 4AC
2A
, (7)
where L−(+) is the entrance (exit) point along the dark matter trajectory. These points are stored for later use in
generating an event position inside the detector. One final ambiguity exists in that the particle’s trajectory extends
both forwards and backwards in time. If an intersecting particle’s three-momentum were reversed, this algorithm
would still find an intersection. We can check for this by verifying that L± >∼ 0. If either is less than zero, we set it
to 0. The length of the intersection is given by
Ldet = (L+ − L−)
√
A. (8)
2. Cylindrical Geometry
The geometry of a cylindrical detector is more complicated to handle, but uses many of the tricks employed in
App. I 1. When creating a cylindrical detector object, a new vector l is stored which points from the center of the
detector to the center of one of the circular faces,
lx = length/2 cos(det-phi) sin(det-theta), (9)
ly = length/2 sin(det-phi) sin(det-theta), (10)
lz = length/2 cos(det-theta), (11)
where we are using the variables defined in App. B 5.
There are four possible intersection points for a line through a cylinder: one through each face and two possible
crossings on the circular surface. We will check each in turn, and append each intersection found to a list of crossing
points L. The algorithm terminates and returns a length of intersection as soon as two points of intersection are
found.
We begin by checking for intersection with the faces of the cylinder. This amounts to calculating the intersection
point with a plane parallel to the face, and then checking that it is within Rdet of the center of the face. If pχ · l = 0,
then the trajectory is parallel to the cylinder faces, and this step can be skipped. The points of intersection with
planes parallel to the cylinder are given by
B± =
(o + l) · l
pχ · l . (12)
We next find the vector pointing from the center of each circular face to the point of intersection on the plane
rintersect,± = B±pχ ∓ l− o, (13)
and check that r2intersect,± ≤ R2det. If so, then B± is added to the list of intersection points.
Calculating the points of intersection with the circular surface is very similar to the spherical case, in that we define
three coefficients of a quadratic equation
X =− (pχ · l)2 + p2χl2, (14)
Y =2(pχ · l)(o · l)− 2(o · pχ)l2, (15)
Z =− (o · l)2 −R2detl2 + o2l2, (16)
and solving the quadratic equation XC2 + Y C +Z = 0 one finds C± = −Y±
√
Y 2−4XZ
2X . If the argument of the square
root is imaginary, no intersection occurs and we skip to the next step. To check that the intersection occurred in the
region of the surface bounded by the two circular faces, we define
D± =
C±pχ · l− o · l
l2
. (17)
If |D±| < 1, then an intersection occurs, and the point C± is added to the list of intersection points.
The final step of this process is almost identical to that of the spherical case. Each member of L is set to 0 if
negative and the entrance and exit points are defined as
L− =MIN(L[0], L[1]), (18)
L+ =MAX(L[0], L[1]). (19)
Substituting L± into (8) returns the length of intersection.
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3. Generating Interaction Positions
The distribution of positions of interaction events within the detector can also be useful information experimentally.
As these dark matter events occur very rarely, the event rate is roughly equal at any given point along the trajectory,
and an interaction point can be generated by selecting a random number u ∈ [L−, L+]. The four-vector of the position
and time of the interaction event can then be calculated using
tint =
u‖pχ‖
‖vχ‖ + t0, (20)
rint = (t− t0)vχ + rχ, (21)
where t0 is the creation time of the dark matter particle and vχ the velocity.
Concluding Remarks
This concludes the documentation for the BdNMC software package. The code is available for download from github
at https://github.com/pgdeniverville/BdNMC/releases, where further updates will be available. The code is
maintained by Patrick deNiverville (pgdeniverville@gmail.com).
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